Abstract Error correction is of utmost necessity for large-scale quantum computing. Quantum error correcting codes can be degenerate, if more than one type of error can map the input state to the same error state. In this paper, we propose a 6-qubit degenerate CSS code. We show that our proposed code can correct a single bit flip error, but arbitrarily many phase flip errors occurring on the codeword. Furthermore, it follows from a bound on CSS codes that the proposed code is the minimal binary CSS code which can encode a single qubit of information. We also perform a comparative study of the gate count required for a fault tolerant decomposition of the error correction circuit for the proposed code, with that for the existing 9-qubit, 7-qubit and 5-qubit binary QEC codes. Our results show, on an average over the different technologies a savings of 98.14% in the gate count for the proposed code over that for the 5-qubit code. Significant improvement of around 50% in gate count is also obtained when compared to those for the 9-qubit and 7-qubit codes.
Introduction
The possibility of speeding up certain classes of computation using quantum mechanical properties such as superposition and entanglement has received ardent attention in recent times [1, 2, 3] . Existence of large scale quantum computers, capable of performing the above mentioned algorithms on large data, is hindered by error. Quantum algorithms assume the existence of ideal quantum states, or qubits, which are in perfect isolation from the environment. Such an ideal scenario is not achievable. Rather, qubits interact with the environment which rapidly destroys the superposition. Furthermore, quantum gates are rotation operators. Even the slightest imperfection in these gates changes the information of the qubit, making it erroneous. Therefore, large scale quantum computing mandates error correction.
Motivation
The primary hindrance of quantum error correction (QEC) is the No Cloning Theorem [4] which states that no universal operator can copy any arbitrary quantum state. This theorem rules out repetition codes for QEC. However, it is possible to design operators which can copy orthogonal states. Shor code [5] could overcome these hindrances by encoding the information of a single qubit into 9-qubits. Steane extended the classical Hamming code to quantum domain and proposed the 7-qubit quantum error correcting code (QECC) [6] . Both these codes satisfy the conditions of Calderbanks-Shor-Steane (CSS) codes [7] based on stabilizers [8] . The typical goals for design of a QECC for a particular error model are two-fold: (i) to reduce the number of qubits required to encode information, and (ii) efficient (low gate cost) circuit realization of the QECC. Laflamme showed that 5-qubits are necessary to protect a single qubit of information from a single error [9] . This 5-qubit code is non-CSS, whereas CSS codes usually have simpler circuit realization and can correct a single bit error and a single phase error if they occur on different qubits [10] .
QECCs can also be degenerate [11] . Consider k qubits of information encoded into a codeword of n > k qubits where the encoded state is |ψ . If E is the set of all single qubit errors on |ψ , then the QECC is said to be degenerate if ∃ e, e ′ ∈ E, e = e ′ such that e |ψ = e ′ |ψ . Shor's 9-qubit code is a degenerate code, but Steane's 7-qubit and Laflamme's 5-qubit codes are not.
Error correction alone is not sufficient to ensure large-scale quantum computing. It is necessary to ensure that the error in a single qubit block does not propagate to other blocks, leading to multiple errors. Fault tolerant quantum computing ensures that error in one block does not affect others [12] . However, fault tolerance comes at the cost of increased number of qubits as well as increased number of gate counts in the error correction circuit [13] . Higher gate count in error correction circuit results in higher time for error correction, and hence a reduction in the promised speed-up. Furthermore, the gates used for error correction may themselves incorporate further errors in the circuit. Our aim in this paper is to propose a QECC with low qubit count as well as low cost fault tolerant error correction circuit.
Main contributions
We prove below in Section 2 that the 7-qubit code is the optimal non-degenerate CSS code. However, in [14] the authors gave a bound on the number of errors which any CSS quantum code [7] can correct, and it follows from the bound that in order to correct a single error with a CSS code over F 2 , at least 6 qubits are necessary. Therefore, the minimal CSS code (6-qubit) must be degenerate.
In this paper, we present a 6-qubit degenerate CSS code for the Pauli error model [15] which matches the bound provided in [14] for F 2 , making it the minimal binary CSS code. Our proposed QECC is a single error correcting code. Nevertheless, degeneracy allows it to correct multiple phase flip errors occurring on the codeword. 5-qubit QECC, being a non-CSS code, has cumbersome circuit realization. Some of the gates used in that code are not readily implementable in present day technologies, and hence must be broken down into a cascade of simpler gates. In this paper, we have considered some of the technologies (such as Superconductor, Ion-trap, Photonics) which are used for building a quantum computer, and have shown that the gate count for the fault tolerant realization of the circuit of our proposed QECC is, on average, 98.14% less than that of the 5-qubit QECC. Our proposed QECC also significantly outperforms the 9-qubit and 7-qubit QECCs in the number of qubits as well as the gate cost (by about 50%) of the error correction circuit.
In this article, we briefly discuss about stabilizers and the optimality of CSS codes in Section 2. In Section 3, we present our proposed code. In Section 4, we perform a comparative study of the gate cost of the error correction circuit of this proposed code with the 9-qubit, 7-qubit and 5-qubit codes. We conclude in Section 5.
Error correction and optimality of CSS QECC

Error correction via stabilizers
The set of Pauli operators for a single qubit consists of {I, σ x , σ z , σ y } where I is the (2 × 2) identity matrix, and
σ x and σ z are called bit flip and phase flip error respectively. The Pauli matrices span the space of (2 × 2) unitary operators, and hence any QECC which can correct the Pauli matrices can also correct any arbitrary (2 × 2) error operator [5] . Such an error model is called the Pauli error model. A set of operators S 1 , S 2 , . . . S m ⊂ {±I, ±iI, ±σ x , ±iσ x , ±σ y , ±iσ y , ±σ z , ±iσ z } ⊗n is said to stabilize a quantum state |ψ if the following criteria are satisfied [8] :
An n-qubit state with m stabilizers can encode k = n − m logical qubits (i.e., n − m qubits of information). For degenerate quantum codes, there exists errors e, e ′ such that |φ = e |ψ = e ′ |ψ . For such scenarios, it is not necessary to distinguish between those errors. Rather, if the error state |φ can be identified, then the recovery map can operate either e † or e ′ † on |φ to correct the error.
An n-qubit QECC is said to be CSS if the set of stabilizers S can be partitioned into two disjoint subsets S x and S z , where the operators in S x ∈ {I, σ x } ⊗n and the operators in S z ∈ {I, σ z } ⊗n . The circuit corresponding to such codes are easy to construct [10] and unlike non-CSS codes, these codes can correct a single bit flip and a single phase flip error simultaneously if they occur on different qubits.
Optimality of CSS QECC
For a non-degenerate CSS code, every single qubit error ({I, σ x , σ z , σ y }) maps the original codeword into a unique error state. Since we assume a single error only on the codeword, for an n-qubit code, there are n possible bit (phase) errors and an error-free state. Each stabilizer has two possible outcomes (±1). The minimum number of stabilizers required to uniquely identify n different (bit/phase) errors and the error-free state is log 2 (n+1). Furthermore, if a single qubit of information is encoded (i.e. k = 1), then the number of stabilizers required in the Pauli model is n − 1. Thus, we have
This inequality is satisfied for n ≥ 7. Hence the 7-qubit code is the minimum non-degenerate CSS code which encodes a single qubit of information. However, the calculation is not so trivial for degenerate codes. In [14] , the authors have shown that the number of errors which any [[n,
⌋. For k = 1, the minimum value of n for which the above expression takes value ≥ 1 is 6.
Therefore, the minimum binary CSS code, which can correct a single error, is a 6-qubit code, but from the above it has to be degenerate. In the following section, we propose a 6-qubit degenerate CSS QECC which protects a single qubit of information from a single error.
Proposed 6-qubit degenerate QECC
The information of a single qubit |ψ = α |0 + β |1 is to be encoded into 6 qubits as |ψ L = α |0 L + β |1 L , where
The necessary condition for error correction [16] is that for any error σ
One can verify that this condition is satisfied for this encoding scheme. We shall discuss the error correction scheme in two steps -first we discuss the stabilizers for bit error correction, and then for phase error correction.
Correcting a single bit error
The stabilizers for bit error correction are
These two stabilizers partition the set of qubits into three probable bit error partitions containing 2 qubits each. The qubits in each partition are probable bit error qubits. In Table 1 we show the probable bit error qubits corresponding to the outcomes of the stabilizers. However, these two stabilizers alone cannot uniquely identify the erroneous qubit. 
Next, in order to identify the erroneous qubit, we apply a conditional stabilizer depending on the outcome of S 1 and S 2 .
If S 1 = −1 (partitions 1 and 2), we apply the conditional stabilizer
otherwise (partition 3), we apply the conditional stabilizer
We show the action of these conditional stabilizers in Table 2 . 
The circuit corresponding to these conditional stabilizers may not be readily implementable in the present technology since it involves multi-controlled unitary, with the controls on the ancilla qubits corresponding to S 1 and S 2 . Therefore, we can define a third stabilizer
which removes the dependence on the ancilla qubits. S 1 , S 2 , S 3 together can correct a single bit error on the codeword.
Correcting phase error
The stabilizers for phase error correction are
These two stabilizers also partition the qubits into two probable phase error partitions containing three qubits each. In Table 3 we show the probable phase error qubits corresponding to the outcomes of the stabilizers. 
We note that a single phase error in q 1 , q 3 or q 5 maps the original qubit to the same erroneous state. Because of this degeneracy, one does not require to uniquely identify the exact qubit which has phase error. Rather, if S 4 = −1, correcting the phase of any one of q 1 , q 3 or q 5 can restore the error free state. The similar argument holds for the probable phase error group corresponding to S 5 = −1.
We show henceforth that the proposed code can, in fact, correct arbitrarily many phase errors on the codeword.
Lemma 1
The proposed 6-qubit QECC can correct two phase errors simultaneously if these occur in two qubits belonging to two disjoint probable phase error groups.
Proof Since the two stabilizers S 4 and S 5 operate on disjoint sets of qubits, a single phase error on a single qubit cannot result in -1 eigenvalues for both the stabilizers. Therefore, if both the stabilizers produce -1 eigenvalues, then a single qubit in both partition 1 and partition 2 must have incurred phase error. Since, for this code, it is not necessary to distinguish among qubits of the same partition for reliable correction, if both the eigenvalues are -1, the phase of a single qubit from each partition can be altered to obtain the error free state. Therefore, two phase errors, when occurring on the two disjoint probable phase error groups, can be reliably corrected by the proposed QECC.
Lemma 2 The proposed 6-qubit QECC can correct arbitrarily many phase errors on the codeword.
Proof Consider 0 ≤ m ≤ 6 phase errors occurring on the proposed codeword, of which 0 ≤ k ≤ 3 errors occur on qubits of Partition 1, and 0 ≤ l ≤ 3 errors occur on qubits of Partition 2, k + l = m.
In each partition, an even number of phase errors keep the original state unaltered, while an odd number of phase errors is equivalent to a single phase error. Therefore, l (m) errors become equivalent to zero or one phase error on that partition. Lemma 1 shows that the proposed QECC can correct two errors if they occur on the two disjoint partitions of qubits. Therefore, the proposed QECC can correct arbitrarily many phase errors on the codeword.
In spite of the ability of this QECC to correct multiple phase errors, it is still a single error correcting code since arbitrary many bit errors cannot be corrected by this QECC. In Fig. 1 we present a gate level circuit for error correction of the proposed 6-qubit QECC. In the following section, we show that the gate count of the fault-tolerant error correction circuit of the proposed QECC is significantly less than that of the 9-qubit, 7-qubit and 5-qubit QECC.
Low cost error correction circuit
Quantum gate library
Nowadays different technologies are being used for building quantum computer. None of these technologies hold clear advantage over the others, and it is still unknown which of these will be eventually used for building large scale quantum computers. In [17] the authors have considered six technologies which are used in present time for building quantum computer, and the technology dependent fault tolerant decomposition of arbitrary quantum gates. We consider those six technologies in this paper and compare the gate cost of the fault tolerant decomposition of our error correction circuit with the existing QECCs.
The technologies which have been considered in [17] , and hence in this paper also, are Ion Trap (IT) [18] , Superconductor (SC) [19] , Quantum Dot (QD) [20] , Neutral Atom (NA) [21] , Linear Photonics (LP) [22] and Non Linear Photonics (NP) [23] . Some quantum gates, called primitive gates, are directly implementable in some of these technologies, while others (non-primitive gates) are not. The non-primitive gates can be realized as a cascade of multiple primitive gates. Therefore, although some quantum circuits may appear small, their gate cost for fault tolerant realization may be high.
The primitive quantum operations realizable in each of the six technologies, as obtained from [17] , are shown in Table 4 . In Fig. 1 we have shown the error correction circuit of the proposed 6-qubit QECC. We now consider the fault-tolerant decomposition of the error correction circuit in the above-mentioned technologies.
In [24] , the authors have developed a tool (FTQLS) which when given a quantum circuit (i.e. the cascade of operators) produces its technology dependent fault tolerant decomposition. In Table 5 we show the number of qubits and gate count required in the previously mentioned technologies to implement the fault tolerant decomposition of the error correction circuit of our proposed 6-qubit code, 9-qubit code, 7-qubit code and 5-qubit code. The percentage savings in gate count obtained compared to each of the other three QECCs is shown in Table 6 .
The error correction circuit of our proposed 6-qubit QECC, on average, shows 51.47%, 49.8% and 98.14% savings in gate count over the 9-qubit, 7-qubit and 5-qubit QECC respectively. 
Conclusion
In this paper our proposed 6-qubit degenerate CSS QECC code is shown to be the minimal binary CSS code in the number of qubits. Moreover, although it can correct only a single bit flip error, it can correct arbitrarily many phase errors on the codeword. The fault tolerant decomposition of the error correction circuit of our proposed QECC shows an average savings of 51.47%, 49.8% and 98.14% in the gate count over the existing 9-qubit, 7-qubit and 5-qubit QECC respectively. The optimality in the number of qubits, as well as the low gate cost of the circuit makes this QECC a promising candidate for application in large scale quantum computing.
This code has been developed for symmetric error channel. However, the ability of this code to correct multiple phase errors motivates a future work for comparing the performance of this QECC with other QECCs for asymmetric error channel.
